Math 150 Exam 4

Review Problem List

Exam 4: December 19th and 20th

Professor Busken Name:

Directions: Please complete the Chapter 5 and 6 review sections of the Stewart
(7th ed.) textbook as preparation for Exam 4, along with the homework from
Sections 3, 11 and 12. The problem numbers for your consideration are listed
below and a copy of the review questions and answers is attached to this cover
sheet. The first day of the exam, given on Wednesday, December 19th will have
two parts: i

e During the first part, a scientific calculator is allowed; but during the second
part any calculator use is prohibited.

e After you complete and turn in part 1 (calculator section) of the exam, you
will be given part 2 to complete.

e After you turn part 2 in you may NOT receive it back, but you will be
allowed to take back and rework or double check part 1.

The use of calculators on the second day of the exam, given on Thursday, De-
cember 20th, is prohibited.

Chapter 5 Review

Concept Check: 1,3,4,5,6,7
True-False: 1—15 odd, 12
Exercises: 1—37 odd, 4, 43—47 odd, 57

Chapter 6 Review
Exercises: 1-—15 odd

Homework Sections 3, 11 and 12

Formula Card Instructions

You may use both sides of a single 3 inch by 5 inch formula card during the exam. The
card must contain only identities, formulas, definitions and theorems. Worked examples are
prohibited. The same card will be used for both days of the exam, and you will be required
to turn in your formula card with parts 1 and 2 of the exam given on Wednesday, Dec. 19th.
Furthermore, your formula card must be submitted and approved by me prior to taking the
exam, or no card use will be allowed. If you intend to use a formula card for the exam, then
you must submit your card for approval on Monday, December 17th. I will notify you on
Tuesday, December 18th if your card needs modifying.



1. An oil storage tank ruptures at time ¢ = 0 and oil leaks from
the tank at a rate of r(z) = T80 """ liters per minute. How
mauch oil leaks out during the firsthour?

A bacteria population starts with 400 bé&teria and grows at a
rate of r{f) = (450.268)¢"' ™" bacteria per hour How many

bacteria will there be after three hours? \\

. Breathing is cyclic and a full respiratory cycle from the ‘begin-
ning of inhalation to the end of exhalation takes about 5 s. Tﬁe
maximum rate of air flow into the lungs is about 0.5 L/s. This
explains, in part, why the function (1) = 3 sin(27t/5) has
often been used to model the rate of air flow into the lungs.
Use this model to find the volume of inhaled air in the lungs at
time 1.

84. Alabama Instruments Company has set up a production line to
manufacture a new calculator. The rate of production of these

calculators after 7 weeks is

dx
s = 5000(

{(Notice that production approaches 5000 per week as

100 ..
W) calculators/week

culators produced from the beginning of
end of the fourth week.

25, If f is continuous and [: )

SN
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87. If f is continuous on R, prove that S

-~

_[ff(—-x) dx = .[::f(x) dx-:“/-"""’”

For the case where f(x) = 0and 0 < a < b, draw a diagram
to interpret this equation geometricalJy as an equality of areas.
~

If £ is continuous on R, prove that

P16+ Q= [ fax

 For the case where,f(x) > 0, draw a diagram to interpret this
“equation geometfically as an equality of areas.

-y
3. If a'and prdre positive numbers, show that

St 1
\‘Lm_.\‘c"(l - x)dx = L (L= x)Tdx

. If f is continuous on [0 7], use the substitution u = & — x to
show that

j:r xf{sin x) d. =~§ j:f{sin x) dx

91. Use Exercise 90 to evaluate the integral
f= xsinx
Ju 1 + cos’x

. (a) If £ is continuous, prove that

J::!z flecosx) dx = [:'2 Flsinx) dx

(b) Use part (a) to evaluate F" ? cos’x dx and l”’ * sin’x dx.

arrcxpression for 2 Riemann sum of a function f.
Explain the meaning of the notation that you use.

(b) If f£(x) = 0, what is the geometric interpretation of a
Riemann sum? Ilustrate with a diagram.

{c) If f(x) takes on both positive and negative values, what is
the geometric interpretation of a Riemann sum? Ilustrate
with a diagram.

2. (a) Write the definition of the definite integral of a continuous
function from a to b.

(b) What is the geometric interpretation of 2 flx) dx if
fl =07

{c) What is the geometric interpretation of 1200 dxif f(x)
takes on both positive and negative valucs‘? Tustrate with a
diagram.

3 EStatc both parts of the Fundamental Theorem of Calculus.

4 () State the Net Change Theorem.

(b) If r(f) is the rate at which water flows into a reservoir, what
does | r(?) dt represent?

Suppose a particle moves back and forth along a straight line
with velocity (1), measured in feet per second, and accelera-
tion a(r).

() What is the meaning of [ 120 5(1) dt?

(b) What is the meaning of [2° | o(f) | dr?

R

{5

{c) What is the meaning of [} a(?) d?

6. (2) Explain the meaning of the indefinite integral | f(x) dx.
“"(b) What is the connection between the definite integral
J? £(x) dx and the indefinite integral Jf@) dx?

}Explam exactly what is meant by the statement that “differen-
tiation and integration are inverse processes.”

8. State the Substitution Rule. In practice, how do you use it?
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True-False Quiz

Determine whether the statement is true or false. If it is frue, explain why.
If it is false, explain why or give an example that disproves the statement.

{j/\,' If f and g are continuous on [a, 5], then
[ 17 + g dx = [ fG dx + [ o) dx

2. If f and g are continuous on [a, b], then

[P Ir@g1dx = ( ['r dx) ( (e dx)

.ﬁ.\jlf £ is continuous on [, 5], then
j” sf)dx =5 [ f() dx
4. If f is continuous on [a, b], then

j? xfix) dx = x J.:f(x) dx

élf f is continuous on [a, b] and f(x} = 0, then

_Ijm:br = 4 f'[:f(t) dx

6. If " is continuous on [1, 3], then [ 1) do = £(3) = £(1).

k/"' EA '3 f and g are continuous and f{x) = g(x) for a < x < b, then

Lb fxXdx= J': g(x) dx

8. If f and g are differentiable and f(x) = g(x) fora < x < b,
then f(x) = g'(x) fora < x < b.

- ' sin
A, (o -6+ i) acmo
5 s P -
10. j_s (ax” + bx + c)dx ZZJ.U (ax® + c)dx
&1‘0 ATl continuous functions have derivatives.
"‘12.‘ All continuous functions have antiderivatives.
@F & dx = js e dx + r e dx
b o H
14. If |, f(x) dx = 0, then f(x) = O0for0 < x < L.

£
18] If f is continuous on [a, 5], then

d b
?;(L F) dx) = (%)

Fulie , S [LE17

16. jf (x — x%) dx represents the area under the curve y = x — x°
from O to 2.

it

13 a con Jia

11 3
w | —dr=

18. If f has a discontinuity at 0, then I ll f{x) dx does not exist.

Exercises

( 1.) Use the given graph of f to find the Riemann sum with six
subintervals. Take the sample points to be (a) left endpoints
and (b) midpoints. In each case draw a diagram and explain
what the Riemann sum represents.

¥
1Y y=f@)
—
\
0 2 6 by
N

%4 Graphing calculator or computer required

i

2. (a) Evaluate the Riemann sum for

' fla)=x*—x

with four subintervals, taking the sample points to be right
endpoints. Explain, with the aid of a diagram, what the Rie-
mann Sum represents.

(b) Use the definition of a definite integral (with right end-
points) to calculate the value of the integral

0=x=<2

j? (x? — x)dx

(c) Use the Fundamental Theorem to check your answer to
part (b).

(d) Draw a diagram to explain the geometric meaning of the
integral in part (b).

[CAS| Computer algebra system required
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3. Evaluate - r/.z t*tan ¢ - p
! = " Jdewa 2 4 cost "o 1+ e™ *
I; (x+ 41 X2 ) dx
by interpreting it in terms of areas. 73, J (] ; ‘)d x ’ 28, "]“’ il
"\‘Q;Express . " J x+2 " ” J~ cse’x
lim 2, sinx; Ax S T dx "1+ cotx
A% ja]
as a definite integral on the interval [0, =] and then evaluate 1. j- sin arf cos ! dt 28. j‘ sin x cos(cos x) dx
the integral. ‘
7
ev*  cos(in x}
. 29 | —dx /| ——d
If {0 f(x) dx = 10 and J; f(x) dx = 7, find [ £(x) dx f N3 ‘ x *
235 6. (a) Write | (x + 2x°) dx as a limit of Riemann sums, LN j- tan x In(cos x) dx 3z f S
taking the sample points to be right endpoints. Use a vi-xt
computer algebra system to evaluate the sum and to com- $ .
puie the Timit. 3. j 1+ x . J‘Slﬂh(l + 4x) dx
() Use the Fundamental Theorem to check your answer to
art (a). © sec @ tan @ =-
part (2) i 35 fP 36.Jf4(1+tan:)3seczdt
7. The following figure shows the graphs of f; f', and {7 f{1) dt. b1+ secd
Identify each graph, and explain your choices.
3. |5 - 4]dx B ['|VF —1]dx

¥4

b
¢ |64 39-40 Evaluate the indefinite integral. Illustrate and check that
your answer is reasonable by graphing both the function and its
7 2 antiderivative (take C = 0).
y 3
>Z/“ B, [ w. | >
T +sinx EEENVIZET|

= 41. Use a graph to give a rough estimate of the area of the region

8. Evaluate: that Ties under the curve y = x+/x,0 < x < 4. Then find the
@ ) l **4““ (e*=") dx (b) f" jul e dx eXacy aea.
X
= 42. Graph the function f(x) = cos’x sin x and use the graph to
{c) —J- et dt guess the value of the integral [77 f(x) dx. Then evaluate the

integral to confirm your guess.

o i al.
435, Bysluaie e toks 43-43 Find the derivative of the function.

2 T
T (8x% + 3x? 0. =8+ T d 2 ,
¢ f A [0~ e s B F@ = 11: dr . Fl9) = [ i+ sint dr
L 1 ¥
1. "‘ (1 - xg)dx 12, J. (I ux)gdx bl 5 sine 1 — Iz
[i i 2
b 2 15, g(x) L cos(t?) di 8. g() = | T
1. L‘L____‘/_ ; L APY 14, L‘(:/E + 1) du y .
s o x € . g a
a1. y J’F — di 4. y=|" sin(t')ar
1 - 2
15, j'n y(3* + 1Y dy 16. J y/1 + y3 dy
s dr 48-50 Use Property § of integrals to estimate the value of the
17. Il m? 18. J Slﬂ(37ﬁ) dr intcgral. 1
"3 '5
49, | x4+ 3 dx 50. dx
19, [0 cos(v?) dv 20, j sin ) k x+1
i 11+ 7
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51-54 Use the properties of integrals to verify the inequality.

=

1 w2 i 5
51. L':ezcosxdxég SZJ.fm—xd‘<\'

w4 X

53. Ll e‘cosxdr<e— 1 54. J:xsin"xdx < /4

55. Use the Midpoint Rule with n = 6 to approximate {3 sin(x*) dx

§6. A particle moves along a line with velocity function
o(f) = ¢* — 1, where v is measured in meters per second.
Find (a) the displacement and (b) the distance traveled by
the particle during the time interval [0, 5].

A
¢ 51 I Let r(f) be the rate at which the world’s oil is consumed, where

’ t is measured in years starting at # = 0 on January 1, 2000,
and r{¢) is measured in barrels per year. What does [ #(7) dt
represent?

B8. A radar gun was used to record the speed of a runner at the
times given in the table. Use the Midpoint Rule to estimate the
distance the runner covered during those 5 seconds.

1(s) v (m/s) t(s) » (m/s)
0 0 30 |- 10.51
0.5 4.67 335 10.67
1.0 7.34 40 10.76
1.5 8.86 4.5 10.81
20 9.73 5.0 10.81
2.5 10.22

59. A population of honeybees increased at a rate of () bees
per week, where the graph of r is as shown. Use the Midpoint
Rule with six subintervals to estimate the increase in the bee
population during the first 24 weeks.

FL

12000

8000 / \
w000 /
[

N

12 6 20 24 I
(weeks)

—x ~ 1 if -3=x=<0
f(x)“{—- T—x2 if0=sx=<]

Evaluate [*, f(x) dx by interpreting the integral as a difference
of areas.

61. If f is continuous and 7 f(x) dx = 6, evaluate
(72 £(2 sin 6) cos 6 d6.

S

62 The Fresnel function S(x) = [ sin(}m+?) dr was introduced
in Section 5.3. Fresnel also used the function

= T T
Clx) = J;} cos(3me?) dr
in his theory of the diffraction of light waves.

{a) On what intervals is C increasing?
{b) On what intervals is C concave upward?

a8 {¢) Use a graph to solve the following equatmn correct 10 two

decimal places:

f cos(§m?) dt = 0.7

tas]  (d) Plot the graphs of C and S on the same screen. How are

these graphs related?

% 63. Estimate the value of the number ¢ such that the area under
the curve y = sinh cx between x = 0 and x = 1 is equal to 1.

64. Suppose that the temperature in a long, thin rod placed along
the x-axis is initially C/(2a) if |x| S aand 0if |x| > a. It
can be shown that if the heat diffusivity of the rod is k, then
the temperature of the rod at the point x at time 7 is

a e—(.t—.a?f(m dii

C
T =

To find the temperature distribution that results from an initial
hot spot concentrated at the origin, we need to compute

lij(‘l} Tlx, 1)
Use I"Hospital’s Rule to find this limit.
65. If f is a continuous function such that
jl" flOdr = (x — De> + fl‘ e~F(r) dt

for all x, find an explicit formula for f(x).

66. Suppose £ is a function such that k(1) = =2, #'(1) = 2,
B'(1)=3,h(2) =6,k (2= 5,1"(2) = 13, and h" is
continuous everywhere. Evaluate J‘f B"(u) du.

67. If f' is continuous on [a, 5], show that

2 " £ dx = [FOF ~ [Fa)?

1 p
8. Find lim — [ T ¥ 7 a.
a—0 1 J2
69. If f is continuous on [0, 1], prove that

[(: f(x) dx = Jﬁ‘ (1 — x)dx

70. Evaluate

[+ () G+ ()]
lim—|1—=] #{l—] *[—] F ==l —
a—=pn |\ n n n n
71. Suppose f is continuous, f{0) = 0, f(1} = 1, f'(x} > 0, and
{1 (x) dx = }. Find the value of the integral {; f™'() dy.




Review
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Concept Check

1. (a) Draw two typical curves y = f(x) and y = g(x), where
f{x) = g(x) for a < x < b. Show how to approximate
the area between these curves by a Riemann sum and
sketch the corresponding approximating rectangles. Then
write an expression for the exact area.

(b) Explain how the situation changes if the curves have
equations x = f(y) and x = g(y), where f(y) = g(y)
forcsy=d.

2. Suppose that Sue runs faster than Kathy throughout a .
1500-meter race. What is the physical meaning of the area '
between their velocity curves for the first minute of the
race?

3. (a) Suppose S is a solid with known cross-sectional areas.
Explain how to approximate the volume of § by a
Riemann sum. Then write an expression for the exact
volume.

(b) If 5 is a solid of revolution, how do you find the cross-
sectional areas?

. (a) What is the volume of a cylindrical shell?

(b) Explain how to use cylindrical shells to find the volume
of a solid of revolution.

(c) Why might you want to use the shell method instead of
slicing?

. Suppose that you push a book across a 6-meter-long table

by exerting 2 force f(x) at each point from x = Q to x = 6.
What does _I'lf f(x) dx represent? If f(x) is measured in new-
tons, what are the units for the integral?

. (a) What is the average value of a function f on an

interval [a, b]?
(b) What does the Mean Value Theorem for Integrals say?
What is its geometric interpretation?

Exercises

{-6 Find the area of the region bounded by the given curves.
Ly=x% y=4x—x°

2y=1Ifx, y=x° y=0, x=e

Ly=1-2x% y=|x|

4. x+y=0 x=y"+3y

5 y =sin(mx/2), y=x—2x

B.y=+x, y=x% x=2

“~11 Find the volume of the solid obtained by rotating the region
=ounded by the given curves about the specified axis.

1. y =2x, y=x7% about the x-axis

B x=1+y% y=x—3; aboutthe y-axis
9. x=0, x=9—y% aboutx = -1

M y=x+1,y=9-—x% abouty=—1

M xl—yt=a" x=a+h (wherea>0,h > 0);
about the y-axis

“2-14 Set up, but do not evaluate, an integral for the volume of
‘e solid obtained by rotating the region bounded by the given
carves about the specified axis.

. y=tanx, y=x x=7/3; about the y-axis
3. y = COSzx, l,\l = 17/2’ y= é; about x = 1-,-/2

% Graphing calculator or computer required

14.

y=+/x, y=x" abouty=2

15

16.

17.

Find the volumes of the solids obtained by rotating the region
bounded by the curves y = x and y = x? about the following
lines.

(a) The x-axis (b) The y-axis cyy=2

Let % be the region in the first quadrant bounded by the
curves y = x° and y = 2x — x*. Calculate the following
quantities.

(a) The area of R

(b) The volume obtained by rotating R about the x-axis
(c) The volume obtained by rotating 9t about the y-axis

Let R be the region bounded by the curves y = tan(x?),

x = 1, and y = 0. Use the Midpoint Rule with n = 4 to esti-
mate the following quantities.

(a) The area of R

(b) The volume obtained by rotating R about the x-axis

Let %t be the region bounded by the curves y = 1 — x* and

y = x% — x + 1. Estimate the following quantities.

(a) The x-coordinates of the points of intersection of the
curves

(b) The area of R

(c) The volume generated when R is rotated about the x-axis

{d) The volume gencrated when R is rotated about the y-axis

12-22 Each integral represents the volume of a solid. Describe

18.

the solid.

j:jz 2mx cos x dx 20. J.:ﬁ 29 cosix dx
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True-False Quiz

CHAPTER 6 REVIEW = PAGE 457 )
1. True 3. True 5. False 7. True 9. True

Exercises 1. False 13. True 15. False 17. False
.Y 3% si+4/m T 64w/15 B 1656%/5
. iw(ah + BFP? 13 }‘f’:,a 2 (m/2 — x)cos™ — 1) dx Exercises

15. (a) 27/15 (b) w/6 (c) 8w/15

17. (a) 0.38  (b) 0.87

19. Solid obrained by rotating the region 0 < y < cos x,

0 = x = 7/2 about the y-axis

21. Solid obtained by rotating the region 0 < x < 7,

0 =< y = 2 — sin x about the x-axis

23.3 25 2/Am* 2327

29. (2) 80007/3 ~ 8378 fi-lb  (b) 2.1 11 TN

3. (%) O AR 0 O

‘ 3.:1+m/4 83  Tfiseflish [fdrisa

8.37 1§ 13 -76 15 % -1 Does not exist
8. 5sinl 210 2. —(1/x) = 2lx|+x+C

B JVxP+4x+C Z1. ZL sin’mt + C
T

2, 2%+ C 3N —i[n(cos D] + C
B.in(l+x*)+C 3 In|l+sech|+C 3ILE
39.2/T+sinx+C 4. % 8 F)=x¥1+x%)
15 g'(x) = 4x’cos(x®) 41 y = (2e" — &F)/(2x)

8 4<Px*+3dv<4y3 55 0280981

57. Number of barrels of oil consumed from Jan. 1, 2000, through
Jan. 1, 2008



